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ON CONJUGACY SEPARABILITY OF FUNDAMENTAL GROUPS
OF GRAPHS OF GROUPS

M. SHIRVANI

ABSTRACT. A complete determination of when the elements of a fundamental
group of a (countable) graph of profinite groups are conjugacy distinguished is
given. By embedding an arbitrary fundamental group G into one with profinite
vertex groups and making use of the above result, questions on conjugacy sepa-
rability of G can be reduced to the solution of equations in the vertex groups
of G.

1. INTRODUCTION

An element g of a group G is said to be conjugacy distinguished (or con-
jugacy separable) in G if for every element 2 of G not conjugate to g there
exists N <y G such that gN and AN are nonconjugate in G/N. A group is
conjugacy separable if all its elements are conjugacy distinguished. The best-
known classes of conjugacy separable groups are polycyclic-by-finite groups [10],
profinite groups [11], free-by-finite groups [5], and certain Fuchsian groups [19].
Results are also known on conjugacy separability of certain amalgamated free
products (e.g., of free groups [18]), and some one-relator groups with torsion
[1]. In the last mentioned paper the authors ask whether every one-relator group
with torsion is conjugacy separable. More generally, one can ask when the fun-
damental group of a graph of groups is conjugacy separable.

In order to investigate these problemsAone might adopt the following strategy:
let G be a residually finite group, with G its profinite completion (i.e., G is the
inverse limit of the system of finite images G/N of G). It is easily shown that
if g, h € G are conjugate in every finite image of G, then they are conjugate
in G, and so G is conjugacy separable if and only if whenever g, h € G are
conjugate in G, then they are conjugate in G. Unfortunately, if G is a non-
trivial fundamental group of a graph of groups, then G is still not sufficiently
well understood (cf. [7, 20]) to allow for the successful completion of the last
step. A complete answer can be given when the vertex groups are themselves
profinite groups. This, in turn, allows necessary and sufficient conditions to be
derived for the general case.

Let X be a connected graph, let & = {4,, xe€ VX, H,, e€ EX} bea
graph of groups over X, and let G = (¥, X) be the fundamental group of
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this graph of groups (see [2, 4], or [14] for the relevant definitions and prop-
erties). We assume that G is residually finite, and denote by AAx the profi-
nite completion of the vertex group A4, with respect to the induced topology
{AxnM: Ma;G}. Let H, denote the topological closure of H, in szi(e) .
The edge isomorphisms can be extended to these closures (cf. Lemma 3.1). The
result is a graph of groups over X with fundamental group G* (for details see
§3). The obvious maps A, — A, x extend to an embedding of G into G*. If
we denote the conjugacy class of g in G by g% and N MG g°M by clg(g%),
then we have:

Theorem 3.4. For every g € G we have clg(g%) =clg+(g% )N G.

The point of this result is that most elements of G* turn out to be conjugacy
distinguished (i.e, clg+(g%") = g9"). If g € G is such an element, then g is
conjugacy distinguished in G if and only if g¢" NG = g%. This condition
is quite tractable, and amounts to whether certain equations hold in the vertex
groups A, and A4,. Assuming that we have enough information about the
vertex groups and their completions, the conjugacy separability of G can be
decided.

To state the results for G*, let Y be a maximal subtree of X, and write
At =(Ax: x € VX) < G*. Then A* is the fundamental group of the graph of
groups Z restricted to Y, and G* is an HNN-extension with base group A*.
As a consequence of 4.4, 4.6, and 4.9 below we get

Theorem A. Let a € A.

(1) If either no conjugate of a belongs to a vertex group, or X is locally finite,
a € Ay, and no Ax-conjugate of a belongs to an edge subgroup, then a is
conjugacy distinguished in A" . .

(ii) Assume that X is locally finite, let D = J,cpx He, and suppose a €
D belongs to only a finite number of edge subgroups. Then a is conjugacy
distinguished in A* if and only if there exist vertices X, ..., Xm of Y such
that Dna* =Dn{a% "% :a;€ A,}. O

For elements of G* we obtain from 5.1, 5.3, 5.6, and 5.8
Theorem B. (i) All elements of G*\ A", and all elements of A* satisfying con-
dition (i) of Theorem A, are conjugacy distinguished in G* . .

(ii) Assume that X is locally finite, and let D' = J,cpx\gy He and C =
Urerx 4x - .

Then h € D' is conjugacy distinguished in G* if and only if hGA NC isa
union of a finite number of sets of the form C N {h8: g € A ti! - Ay tir Ay, ., .
for some e; € EX\EY, ¢, =1, and x;e VX}.

This in particular settles the problem for the case when the vertex groups are

profinite, since such a G can be residually finite if and only if G = G*, by 3.3
below.

2. NOTATION

Let X be a directed connected graph, & a graph of groups {A4,: x €
VX; H,:ee EX with isomorphisms ¢, from H, < A, to Hz < Ay} over
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X,and G =7 (%, X) the fundamental group of (£, X) relative to the choice
of a fixed maximal subtree Y (see [2, 4], or [14] for details). It is well known
that if 4 = n,(¥|y, Y) then the obvious map of 4 to (A,: x € VY) C G is
an isomorphism, and G is an HNN-extension with base group 4 and stable
letters ¢, corresponding to the edges e € EX\EY :

G=(A,t,:t;'ht, = hb, forall he H,, e € EX\EY).

In the notation of [16] let / = I(¥, X) denote the set of all sequences (Py)xeyx
satisfying the following conditions: (a) P, < Ay and there exists an integer
m = m(P) such that |4, : Px| < m forall x € VX, (b) (Py)NH,)0. = PyeyNHz
forall e € EX. For P,Q € I we write P < Q if P, C Q, for all x.
For P €I let £ denote the graph of groups {Ax/P, HeP;e)/Pie), induced
isomorphisms 6, p}, and let Gp = n;(%p, X). The projections Ay — A,/Py
clearly extend to an epimorphism 7np: G — Gp. It is well known that Gp
is free-by-finite (e.g., [14, Exercise 2 on p. 123]). Also note that if M <, G
then P = (M N Ay)xevx € I, and G/M is a homomorphic image of Gp. In
particular, this implies that if G is residually finite then (), Py = (1) for all
X € VX . We assume this from now on. For g € G write g° for the conjugacy
classof g in G.

Proposition 2.1. Let g € G. Then (g g°M = \pe, g%kernp. In particu-
lar, Mprq;c M =Npes kerzp.

Proof. If M <G induces P €I then M Dkernp,so g°M DN, gCkernp.
Conversely, given P el let PT = {M<;G: MN Ay = P, forall x € VX}.
Now by a theorem of Dyer [5], Gp is conjugacy separable, which implies that

(gnp)% = [ (gnp)*Mnp= () (g°M)mp,
MePt MeP

whence g@kernp = ()cp; €M . The result follows. (For the final part take
g=1) O

3. PROFINITE CLOSURES

It is evident that if P, Q € I, then PN Q = (P, N Q)xerx also belongs
to I. We refer to the topology on A4, with {P,: P € I} as a fundamental
system of open neighbourhoods of the identity as the /-topology. For each x
let A, = !in per (Ax/Py), the inverse limit being formed relative to the partial

ordq < of I introduced above. Let H, denote the topological closure of H,
in A,’(e) . We have
Lemma 3.1. For every e € EX, the iso_r_norpﬁism_ﬁe: H, — H; extends to an
isomorphism 0,: H, — Hy such that (Ho N Pi())0, = Hz N Py .
Proof. For each P €I there are canonical isomorphisms
He/(He N Pi)) = HePite)/Pite) = HePite)/Pige)
= e/(He n Fi(e)) = He/He n Pi(e) s

and H, is naturally isomorphic to the inverse limit limpe; (He/HeN Piey) [12].
The isomorphisms induced by 6, on the quotients H,/H,N P, are compatible
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with the inverse limit structure, so the existence of 6, follows. (If one thinks
of the inverse limit AAx as a subgroup of the cartesian product [],cp x(4x/Px),
then the image of the element h = (hpnp) € H, is hB, = (hpB.np) € Hz.) The
intersection property of 6, is also trivial from the construction. 0O

Thus we have a graph of groups &+ = {AAXA, H,, 53} over X. Let Gt =
n(£*, X). The natural embeddings A4, — A4, extend to a homomorphism
u: G — G* . The next few results exploit the relationship between G* and the
residual properties of G .

Lemma 3.2. Let G, G*, and u be as above. Then G* is residually finite and
ker =Ny, M -

Proof. The edge subgroups of G* are closed in their vertex groups by definition,
and 3.1 implies that if P € I(¥) then P = (P,) € I(£*). The residual
finiteness of G* is therefore a consequence of the theorem of [16]. For the
second part let P € I, and consider the following diagram with exact top row:

keru — G —5— G*

ST

Hp +

Gp — G5
The diagram is easily seen to commute, and A,/P, = Ay /P, implies that up
is an isomorphism. Then 1 = (keru)un} = (ker u)m,up implies that kerpu C
kernp forall P,so keru C(\pkernp = ﬂquGM by 2.1. On the other hand,

G/keru is a subgroup of G™*; being residually finite, the reverse inclusion
follows. 0O

Before proceeding further we mention that, in general, profinite closedness
of the edge subgroups in their vertex groups is not necessary for the residual
finiteness of G (cf. [15, 17]). In the case of profinite vertex groups, however,
we have the following result.

Corollary 3.3. Let G = n(¥, X), and assume that A, = !iilpel (Ax/Pyx) for
all x e VX. Then G is residually finite if and only if every edge subgroup is
profinitely closed in its vertex group.

Proof. Suppose there exists an element a € H,\H, for some ¢ € EX. If
e is an edge in the maximal subtree Y let g = a~!(af,); otherwise let g =
a't,(af,)t.. Then g # 1 in G, while gu = 1,s0 G is not residually finite by
3.2. The converse follows from 3.2 and the fact that when the edge subgroups
are closed we have G =G*. O

If S is a subset of a group H, write cly(S) for ﬂquH SM.

Theorem 3.4. Let G, G*, and 1 be as above. If g € G then clg(g%)u =
clg+((gm)¢) N Gu.

We are not assuming that u is injective.
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Proof. Let S = clg(g%) = Nper g%kernp (by 2.1). Then using ker u C kerzp
(cf. the proof of 3.2) we have

Su=()(gkernp)u = () (gu)% (kernp)pu.
Pel Pel

Now it is easy to see from the commutative diagram in the proof of 3.2 and
the fact that up is an isomorphism, that (kermp)u = kern N Gu. The proof
of 2.1 applies without change to show that clg+(y%") = Npe; ¥ kern} for all
y € Gt. Thus

Su=[)(gw)(kernf n Gu) = () (gu)™kernp N Gu,
Pel Pel

which is certainly contained in ()¢ ;(gu)?" kermp N Gu. Conversely, suppose
we have an element zu € ﬂ,,e,(gu)G+ kern} , where z € G. Then for each
P there exists wp € G* such that zun} = (w;'(g,u)wp)n;f. Since up is
an isomorphism, there exists up € G such that upmpup = wpny . The above
equation now becomes znpup = (u;‘gup)np;tp , and since up is injective we
obtain z € \pe; 8%kernp = S. We have now shown that

Su=(\(gw)kernt nGu C () (gn)” kernfNGu C S,
Pel PpPel

as required. O

Since conjugacy separable groups are residually finite, we henceforth assume
that keru = (1), and identify G with Gu. The statement of 3.4 can then
be written more simply as clg(g%) = clg+ (g% ) N G. What is the point of this
result? Let ¢ and g’ be elements of G which are conjugate in every finite
image of G. By 2.1 this means that for every P € I there exists wp € G
such that g'np = (w;'gwp)np , and at first glance it is conceivable that the
“length” of the elements wp (in whatever sense) might be unbounded. Now if
we have clg+(g%") = g5", then 3.4 implies that g’ € clg(g%) = g9 NG, so
g’ =w-lgw, where w € G*. This, of course, means that the above wp can
be chosen to have bounded length. It turns out that conjugacy separability is
commonplace for elements of G*. Before we proceed with this, we state the
following, which does not require keru = (1).

Corollary 3.5. If g is conjugacy distinguished in G, then
(gw)® NGu=gu.
Proof. For if (gu)¢ NGu=Su, where S # g%, then
g% = clg(g%)u = clo-((gw) )N Gu 2 (gw)® N Gu =Sy,
and so clg(g¢)2S2¢g%. O

It is necessary to study conjugacy separability of the base group of G* first.
The next section is devoted to the study of A* = n,(¥|y, Y), where Y isa
maximal subtree of X .
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4. CONJUGACY SEPARABILITY OF A™
We begin with the following general fact.
Proposition 4.1. Let & be a graph of groups over X , and assume that

(1) (| HePiey=He foralle € EX,
Pel

with G =n(¥, X). Let Y be a connected subgraph of X, and put G(Y) =
(Ax: x € VY) < G. Then G(Y) = Npe; G(Y)kernp. If Y is finite then
G(Y)= ﬂquG GY)M.

Proof. Fix a vertex xp € VY, and for each edge e € EX let T, > 1 be a left
transversal of H, in A;,). Then every element of G is uniquely represented by
a normal word f;---t,a, where a € Ay, t; €T, for 1 <i<n, (e,...,ey)
is a closed path at xq, and if ¢; =2,_; then t; # 1 [8, Corollary 1]. Moreover,
the proof shows that the elements of G(Y) are represented by paths that entirely
belong to Y. Now condition (1) means that, given any element g =¢,---t,a
in normal form in G, we can find P € I such that (¢;7p)---(tymp)(anp) is
the normal form of gzp in Gp (relative to suitable transversals of the H,mp
in the Aj,)mp). In particular, if g € G\G(Y) then g is represented by a path
that goes outside Y, and since gnmp is represented by the same path, we have
gnp ¢ Gp(Y)=(Axmp: x € VY) = G(Y)rnp. The first part follows.

Now suppose that Y is finite. Then for any P € I we have the finitely
generated subgroup G(Y)znp of the free-by-finite group Gp. Such subgroups
are profinitely closed (e.g., [2, p. 229]). This evidently means that G(Y) kerznp =
Narept G(Y)M , and the second part follows (cf. the proof of 2.1). O

To simplify the notation let Y be a tree, & a graph of groups over Y, and
A=mn(Z,Y). Also write C = J,cyy Ax and D = {J,cgy He , the subsets of
vertex elements and edge elements respectively in A4 .

Proposition 4.2. Let g be an element of A. Then the following assertions are
true:

(1) If g € D, then there exists a subtree Yy of Y such that g € H, if and
only if e is an edge of Y, .

(ii) If g ¢ D, then there exists a FINITE subtree Y, of Y such that g €
A(Y,), and if Z is any subtree of Y with g € A(Z), then Y, C Z.

Proof. (i) Let Y, consist of all vertices x of Y such that g € A, and all
geodesics between them. If g € 4, N A4,, and p is the Y-geodesic from x to
y, then g belongs to every vertex group of p (since adjacent vertex groups
in A generate their amalgamated free product). In other words, g belongs to
every vertex group of Y,. Moreover, H, = A,) N Ay, for any edge e, so
g € H, if and only if i(e) and ¢(e) belong to Y.

(i1) Among all subtrees Z with g € A(Z) pick one with the fewest number of
vertices, and call it Y, . Fix a vertex xo in Y, . Then the normal form ¢, ---1,a
of g can be represented by a closed path p at xq, with p entirely contained in
Y, (since g € A(Y,)). Now let Z be a subtree such that g € A(Z). Suppose
first that Y, = {xo}. If xo ¢ VZ then g € A, N A(Z) must be an edge
element (consider the geodesic from xy to A(Z)), a contradiction. So in this
case Y, CZ.
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There remains the case where Y, has more than one vertex. If Z contains
every end vertex of Y, then Y, C Z, so suppose Z does not contain some end
vertex x of Y., and let e be the edge of Y, that ends at x. Now the path p
must visit x at least once (since otherwise g € A(Yg\{e, x})), and if ¢; € 4,
then ¢; # 1 (since p looks like..., e, x,e,... at x, and we have a normal
form). If Z and Y, were disjoint then g € A(Z) N A(Y,) would be an edge
element, which is not the case. Thus Z' = Z U Y,\{e, x} is a subtree of Y
such that g € A(Z’). If xy ison Z’ then we have the immediate contradiction
that g can be represented in normal form by a path ¢ in Z’,and g # p since
x ison p but not on g. So we must have xp = x. But since Z and Y,
are not disjoint we can always choose x; to be a common vertex. This final
contradiction shows that Z D Y, , as required. O

To define the notion of a reduced form for elements of 4 we need a defini-
tion. Let A’ be a nonempty subtree of a finite tree A. By a reduction process

R from A to A’ we mean a sequence A;, ..., A, of subtrees of A such that
A=A, A, =A", and A;;, is obtained from A; by deleting an end vertex x;
(for i=1,...,m—1). Welet y; be the vertex of A; adjacent to x;, so when

A CY we have
A(A;) = (A(Ajyy) * Ay, 0 Hyx, = Hy,y, via 0,,.), i=1,...,m-1.

Let A D A’ be finite subtrees of Y ,and R = {A;, ..., A} areduction process
from A to A’. Say g is reduced (resp. cyclically reduced) relative to R if
either g € A(A') or g € A(A;)\A(Aiy,) for some i < m—1, and then g is
reduced (resp. cyclically reduced) in the amalgamated free product A(A;) of
A(Aj+1) and Ay, . Every element of A(A) can be written in reduced form, and
is conjugate, in A(A), to a cyclically reduced element of A(A). Note that an
elementm may be cyclically reduced relative to one reduction process, but not
another.

Lemma 4.3. Assume that (1) holds. Let g be a nonvertex element of A such
that g is cyclically reduced relative to some reduction process from Y, to a single

vertex. Then cly(g?) = U8, where each g, € A(Yy).

Proof. There exists Py € I such that Y,,, =Y, forall P C Py. To begin with,
we can choose P, such that gzp is cyclically reduced in A(Y,)np relative to
R, for all P C P;. This is because (1) can be used to ensure that the finitely
many vertex elements in the cyclically reduced form of g are excluded from
the finitely many edge subgroups encountered by R. In particular, if P C P,
then gmp is not an edge element of Aznp. For such P we have Y, C Y,
(since gnp € A(Yg)np), and if Q C P then Yy, D Y, . Since Y; is finite,
there exists a subtree A C Y, and Py, C P, such that for all P C P, we have
Yer, =A. Then g € ﬂpg,oA(A) kermp = A(A) by 4.1, and then A =Y, by
definition of Y, .

Now suppose P C Py. Then gnp is a cyclically reduced nonvertex element
of A(Yg)mp, so the conjugacy theorem for amalgamated free products [9] im-
plies that the conjugacy class of gnp in A(Y,)np contains no vertex elements.
If AD Y, is a finite subtree then the conjugacy class of gnp in A(A)mp con-
tains no vertex elements (consider a reduction process from A to Y;). Now
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let g’ € cly(g?), and let A D Y, be a finite subtree with g’ € A(A). Let
R = {A,, ..., Ay} be a reduction process from A to Y,. Replacing g’ by a
conjugate in A(A) we may assume that g’ is cyclically reduced relative to R,
and we may choose P, such that g’mp is cyclically reduced for all P C Py. If
P C Py then gmnp has minimal length in its A(A)np-conjugacy class, and be-
longs to A(A;)np\H,, x,mp . The conjugacy theorem for amalgamated free prod-
ucts [9] implies that g'mp € A(A;)np . Continuing in this way we finally obtain
g'mp € A(Yg)np, whence g’ € (\pcp A(Yg)kernp = A(Yy), as required. O

We can now prove

Theorem 4.4. Let g be a nonvertex element of A such that g is cyclically
reduced relative to some reduction process R from Y, to a vertex. Assume that
(1) holds and that Hy,,, is compact in the I-topology (where xy; is the first
edge deleted in the reduction process). Then g is conjugacy distinguished in A .

Proof. By 4.3 we have cly(g4) = |JgZ, where each g, € A(Y,), and we may
assume that each g, is cyclically reduced relative to R. Fix a, and choose Py
such that for all P C Py, gnp, and g,mp are cyclically reduced in A(Y)mp
relative to R. The conjugacy theorem for amalgamated free products can now
be applied to deduce that g,7mp is conjugate to some cyclic permutation of gzp,
via an element of H, , mp. Replacing g by a cyclic permutation if necessary
we have g,mp = (h;lghp)ﬂp for all P C Py, where hp € Hy,y, . Consider the
function f: Hy,, — A(Y,) given by f(h) = g 'h~'gh. With the appropriate
profinitely topologies it is easy to see that f is continuous and kerzmp N A(Yy)
is closed in A(Y,). Thus for each P C Py, f~!(kermp) is a nonempty closed
subset of Hy,,, , and P C Q implies that f~!(kerzmp) C f~!(kermp), so we
have the finite intersection property. If

he () £ (kernp) = ! (ﬂ kernp) = /7' (1),

PCP, PCP,
then g 'h~'gh=1,s0 g, € g4. The result follows. O

The next lemma collects the information we need on conjugacy of edge and
vertex elements.

Lemma 4.5. Let C = J,cyy Ax and D =, ey He .

(i) Let h € D, and let a € C be such that h* € C. Then a € A, for some
xevVy,.

(ii) Let a € Ax, b€ A,, and ab € C. Then there exists a vertex z such that
a,be A;.

(iii) Let h € D, and w be a nonvertex element of A such that h* € C. Let
w =a,---a, bethe reduced form of w (relative to some reduction process R of
Yy), where the a; € C. Then h*% €D for 1 <i<r-—1.

(iv) Let a € Ax be such that a*>ND = @. Then a*ND =@, and a’NC =
atx,

Proof. (i) Choose x as close to Y, as possible subject to a € A,, and get
a contradiction to #% € C by assuming that x ¢ V'Y, and considering the
geodesic from x to Y.
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(11) Similar to (i): choose x; and y; as close to each other as possible (on
the geodesic joining x and y) subject to a € Ay, and b € 4, .

(111) First note that Y,NY,, # @, for otherwise a consideration of the geodesic
from Y, to Y,, gives the contradiction h¥ ¢ C. Thus a = h" € A(Y,). The
proof is by induction on r, where w = a, ---a,. Consider the first step in the
reduction process: if 4% is not an edge element then A¥ is reduced as written
(in the amalgamated free product of A(A;) and 4,,) and so cannot be a vertex
element. Therefore A, = A% € D, and a = h{*"* . The result follows by
induction on r (using part (i)).

(iv) Suppose a¥ = h € D for some nonvertex element w = a,---a,, in re-
duced form. Then h% 4" =g e C, and by part (iii) we get a® = h% =% ' €
D. So a®ND # @ implies that a® € D for some vertex element b. By
part (ii), a and b must belong to the same vertex group, which has to be A,
since a belongs to no other vertex group. But now we have a*ND # @, a
contradiction. It follows that ¢ ND =o.

For the second part let b = a" € A, , and choose y as close to x as possible
subject to b € 4, . Claim that y = x . For if not, then Y,, # {x}, and we have
two cases to consider:

Case 1. x ¢ VY, . Then there exists a finite subtree A D Y,, and an edge yx
with y € VA. Now a € A,\Hy,, w € A(A), and b = w™'aw € A(A) (as
A has to contain y because b = a¥ € A(AU{x}) and y # x). This forces
w € Hyx = Hyy, and a¥ € A(A) N Ay = Hy,, contradicting a‘ND=o.

Case 2. x € VY, . Let R={A, ..., A,} be a reduction process from Y,
to a point, such that the first vertex deleted is x; # x (this can be done since
Yw # {x}). Write w = a;---a, in reduced form relative to R. Then b =
ar'---ar'aa,---a, € Ay C A(Ay) U A(x)), so we must have a; € 4, and
a® € H, x, (since r > 2). This is a contradiction.

We have now shown that b = a¥ € 4, . An argument similar to that in Case
2 now shows that w € A,, so a' N C C a?x, are required. O

We can now prove

Theorem 4.6. Let g € A, be such that g*~ "D = @. Assume that X is locally
finite, that every edge subgroup of A is compact in the I-topology, and that
Npes 8% Px = g#. Then g is conjugacy distinguished in A.

Proof. If cly(g?) contains a nonvertex cyclically reduced element gy, then by
4.4 we have cly(g4) = cly(gf) = g4, so g = g = clu(g”) and we are done.
(Note that condition (1) is a consequence of the compactness assumption, so 4.4
is applicable.) We may therefore suppose that cls(g4) = Ja;!, where each a; is
avertex element of 4. Let S =J;,)-, He, and note that S is compact since X
is locally finite. Put Tp = g4npnNSn,. We claim that there exists Py such that
Tp =@ forall P C Py. Suppose not. Note that Q C P implies that Ty maps
into Tp under the obvious map (from A4p to Ap), so if Tp # & then we have
an inverse system of nonempty finite sets. Let (hpmp) € lim Tp, where each
hp € S. Since S is compact there exists 7 € S such that hnp = hpnp for all
P . This clearly means that 4 € (¢, 84 P, = g*-, contradicting g**ND =o.
Hence there exists Py such that g4 np N Dnp = @ forall P C Py. By 4.5(iv)
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we have g4np N Dnp = @, and a;np € ginp N Cnp = g4 mp. Thus first
of all a; € pcp Axkernp = Ay, and then a; € Npcp, g4 P, = g4 . Thus
cly(g?) = g4, as required. O

Remark 1. For g as in 4.6, the condition (pg#P, = g# is implied by
cly(g?) = g. Forif b € Ng* Py, then b € cly(g?) = g4, and so b €
ginC = g4 by 4.5(iv).

Remark 2. The usual proof of the conjugacy separapility of the profinite group

A, in fact shows that for g € A, we have per 84 Py = g4
The next two results give partial information about conjugacy separability of
edge elements.

Lemma 4.7. Assume that (1) holds. Let h be an edge element of A, and as-
sume that there exists Py € I such that Yy, = Y,. Then cy(h)yNnD =

ClA(yh)(hA(Y")) NnD.

Proof. The condition implies that hnp ¢ H,mp for all P C Py, where e
is an edge leading out of Y,. Let z € cly(h?) N D, so znp = h¥np for
some w € A. We claim that w can be chosen in A(Y,). For if not, let
A be the smallest tree containing Anp and wnp, and consider a reduction
process {A;,...,A,} from A to ANY,. Now the first vertex x; ¢ VY,
and wnp ¢ A(A;)np by the minimal choice of A, and yet (hmp)*”™” belongs
to a vertex group. By the conjugacy theorem for amalgamated free product, we
must have hnp € H,, ,, mp, contradicting the choice of P. We have therefore
shown that

hoe (| h*Mkernp C (| A(Yy)kernp = A(Y}),

PCPhy PCPy
and so
hoe () h* " kernp N A(Y))
PCPy
= () WM (kermp N A(Yy)) = clyy, (™). O
PCP,
Let & be an edge element of 4. For any sequence ¢ = (x, ..., X,) of

vertices of A put Dy(h) = DN {h% %: a; € Ay,} . We have

Theorem 4.8. Assume that X is locally finite and D is compact. Let h be an
edge element of A*. Then h is conjugacy distinguished in A% if and only if
h4" N D = D, (h) for some finite sequence o of vertices.

Proof. We know that cl. (h1") = Jh4" witheach h, € D. Let K = h*'nD =
U, Ds(h) , the union being over all finite sequences o . If z € cl +(h*)ND and
P eI then there exists a sequence o(P) such that znp € Dy(py(h)np C K7p,
so z € Kkernp. Thus

cly (h*)ND C [ K(kernp) = clys (K).
P

Now D is a compact subset of A%, and so is closed. Therefore cly+(K) =
clp(K). Conversely if z € clp(K) and P € I then zmp € Knp, so znp €
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Dy(h)mp for some sequence o (depending on P). Inother words, z € cl (h1"),
and we have shown that cl4(h4") N D = clp(h?” N D). We also note that for
a fixed sequence o, the set D,(h) is a complete subspace of the compact set
D (since each vertex group ,:1; is compact), and is therefore compact. So if
h4" N D = Dy(h) then cly(A4)ND = clp(K) = K = h*" n D, which implies
that every h, € 4", and so h is conjugacy distinguished in A*. Conversely,
suppose cly(h1") = h4". Then K = h*" N D = clp(K), so the compact
(since closed) set K is the (countable) union of the closed sets Dy(k). Enu-
merate the finite sequences {0y, 02, ...}, and put T; = {J, j<iDaj(h). Then
K =U2, T;, and each T; is closed. By the Baire Category Theorem (or rather
its proof, using compactness), some 7;, has nonempty interior, and so con-
tains a set of the form AP, N D, where h € D and P € I. Since Py a5 Ay
and K is compact, it is easy to see that K is the union of finitely many 7;,
whence K = T; for some j. Let o be the concatenation of the sequences
O1,...,0;. Then it is clear that Dg(h) C Dy(h) for 1 < i < j, and so
W4 ND =K =T; C D,(h), as required. O

The following are immediate consequences of 4.7 and 4.8.

Corollary 4.9. Let X be locally finite, and let h be an edge element of A* such
that Y, is finite. Then h is conjugacy distinguished in A* if and only if for
some finite sequence a of vertices of Y, we have h N D = Dy(h). O

Corollary 4.10. Let AT be the amalgamated free product of countably many
groups. Then an element h of the associated subgroup H is conjugacy distin-
guished in A% if and only if h*" N H = D,(h) for some finite sequence o of
vertices. O

5. CONJUGACY SEPARABILITY OF G*

If X is not a tree then G* is a nontrivial HNN-extension over the base
group A* = (A,: x € VX). By the length |g| of an element g € G* we mean
the number of f-symbols appearing in an HNN-reduced form for g. Thus
g =aytg ---ta,, , where all a; € A%, a,,, is arbitrary, each ¢; = £1, each
e; € EX\EY (where Y is a fixed maximal subtree of X), and if e€;_; = ¢
and ¢,_; +¢& = 0 then a; ¢ H,, (we write H_, instead of H; for ease
of notation). The reduced element g is cyclically reduced if a,,; = 1 and
teraytg! -+ - a, is also reduced.

Theorem 5.1. Let g € Gt be cyclically reduced and of length at least one. Then
g is conjugacy distinguished in G* .

Proof. Let z be a cyclically reduced element in clg-(g%"). It is easy to see
that the edge subgroups H,. are closed in 4", so we can find Py € I such
that |g| = |gnp|, |z| = |z7p|, and both gmp and zzp are cyclically reduced
in Gp for all P C Py. The conjugacy theorem for HNN-extensions (e.g. [3])
now implies that |gzp| = |z7mp|, so |g| = |z| . Modulo the same P we know
that gmp and some cyclic permutation of zm, have the same sequence of ¢-
symbols with the same exponents. Replacing z by a suitable cyclic permutation
we may assume that g = a ! ---a,te’ and z = bytl! - b,yter . For P C Py the
conjugacy theorem in Gp implies the existence of elements hy p, ..., H, p
such that, modulo P
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ho,pby =aithy p,  hi p € Hep,
e —
(h1,p0 )2 =achy p,  hy p € Hyyp,,

—en_ —
(hn—l,Pee,,_,)bn Eanhn,P, hn,P € He,,e,. 5
—&n — —
(hn,Pee,,)EhO,P’ sohg,p € H g0, = Hey, .

Since (J/_o H.,e is compact, there exist elements h; € Hy,, such that hnp =
h; pnp for all P. Then we have the equations hob, = ah, (hlﬁf,'l)bz =
ahy, ..., h,,?f,: =ho, and so z = h;'ghy. The result follows. O

To deal with conjugacy separability of elements of A* in G*, we begin with
the following trivial observation, which can be proved by using a length argu-
ment (as in the proof of 5.1) and the conjugacy theorem for HNN-extensions.

Lemma 5.2. If a € A" then clg.(a®") = JaS", where each a, € A*. In
particular, a is conjugacy distinguished in G* if and only if clg+(a® ) n A+ =
a® n4at. O

The conjugacy theorem for elements of the base of an HNN-extension states
that if a, b € A* are conjugate in G, then there exist elements A, ..., Ay €
UeeEX\EYﬁe, such that a ~ h; in A" (i.e., conjugate in A*), b ~ hy in
A*,and for 1 <i<m-1, either h;.y ~ h; in AT or h;;y = h;0, for some
e € EX\EY . Now we have

Proposition 5.3. Let a € A* be a nonvertex cyclically reduced element (relative
to some reduction process of Y,). Then clg-(a® )N At = a?", and so a is
conjugacy distinguished in G* .

Proof. Choose P, such that for all P C Py we have Y,,, = Y, and anp
is cyclically reduced (cf. the proof of 4.4). Then (anp)4'™ N Dnp = @ by
4.5(iii) and using the fact that no nonvertex conjugate of an edge element can
be cyclically reduced. Now let b € clg+(a® ) N A*. Then bmp is conjugate to
anp in Gp. Since no A*mp-conjugate of anp can belong to an edge subgroup
in Gp, we must have bmp conjugate to anp in A*mp,and so b € cly(a?’) =
a?", the latter by 4.4. The final part follows from 5.2. O

For vertex elements of 4* we have the following (recall that C = J, ¢ 4, x):

Proposition 5.4. Assume that X is locally finite. Let a be a vertex element of
A*, and let b € clg:(a®" ) N C. Then there exists a sequence cy, ¢y, ... of
elements of C such that (i) ¢y = a; (ii) for each i > 1, either c¢; ~ c¢;—, in C,
or ¢; = ci_10,, for some e; € EX\EY ; and (iii) ¢; > b as i — oc.

Proof. For P €1 let Sp(a, b) denote the set of all sequences o = {a; pmp: i >
0}, where each a; p € C, ag pnp = anp, a; pnp = bap for all sufficiently
large i, and each a; pmp is either Cmp-conjugate to, or the 6, p-image of,
a;_ pmp (in other words, each o € Sp(a, b) represents a possible conjugacy
anp ~ bmnp in G}). For fixed i and P write T;(P) for the set of ith com-

ponents of all o € Sp(a, b). Suppose a € AAX, and let A; denote the (finite)
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subtree of radius i/ with centre x. A simple inductive argument shows that
T;(P) C UerA,- A}nP , so each T;(P) is finite. If Q C P then every sequence
in Sp(a, b) maps to a sequence in Sp(a, b) under the induced map 05 - G},
and so T;(Q) maps into T;(P).

We construct the elements ¢; inductively, beginning with ¢y = a. Assume

that ¢, ..., ¢;_; have been chosen subject to (ii) and c;n, € T;(P) forall P,
and 1 <j<i-1. Let Kp={c'np € T;(P): there exists o € Sp(a, b) such
that 0;,_; = ¢;_ymp and o; = ¢'np}. Then each Kp # @, and if Q C P then

Ko maps into Kp under the induced map Gy — Gp. Let (dpmp) belong to
the inverse limit of the sets Kp. Then each dp € Uye va, Ay, and the latter

set is compact, so there exists ¢; € UerA,- /fy such that ¢;mp = dpnp for all
P . Therefore, for every P there exists g € Sp(a, b) such that g,_; = ¢;_7p
and g; = ¢;mp. Also c;mp € T;(P) for all P. To verify (ii), note that for
each P tlle element c;mp is either conjugate to c;_;mp by some element of
UerA,»-. Aymp, or is the image of ¢;_mp under some 6, p, where e € EA;.
The number of possibilities is therefore finite and independent of P, and so at
least one must hold for all P. If ¢;n, = ¢;_ npb, p forall P, then c;_; € H,
and we get Cimp = (ci—16.)mp forall P, whence ¢; =c;_10,. If cimp ~ci_mp
in UerA,» Aymp forall P, then ¢; ~¢i—; in UerA, AAy , using compactness.
This proves (ii) for c¢;, and so the inductive construction goes through. Finally
given P it is clear that ¢;mp = bnp for all sufficiently large i, so ¢; — b as
1—o00. O

Corollary 5.5. Let a € A be a vertex element. Then a is conjugacy distinguished
in G* ifand only if a® N C is a closed subset of A* .

Proof. By 5.2 and the proof of 5.3 we see that clg+(a®") = Ja¢" , where each
a, € C. By 5.4, for each a, there exists a sequence ¢; e C such that ¢; ~a
in G* and ¢; — a, as i — oo. Thus each a, € cl(a® N C), and so
clg+(a% )N C C cly(@a® N C). The reverse inclusion being trivial, we have
clg+(a® )N C = cly+(a® N C). The result follows. 0O

Corollary 5.6. Let a be a vertex element of A", and let D' = J,cp X\EY H,.
If a" N D' = @, then a is conjugacy distinguished in G* if and only if a is
conjugacy distinguished in A" .

Proof. Since no A*-conjugate of a belongs to an associated subgroup, we have
a%" nA+ = a?" by the conjugacy theorem for HNN-extensions, and so a¢ nC =

a?" N C. The result follows from 5.5 and the fact that cly.(a?") = Ja4", with
all a, € C (this is a consequence of 4.4). O

To deal with elements of D' = U,cpx\gy H, we need the following:

Lemma 5.7. If D is compact, then sois C = J,cpy A,

Proof. 1t is sufficient to prove that C is complete, since we can always regard
C as a subspace of the profinite completion A* . Solet {ap: P € I} be a subset
of C such that for all Q C P we have agnp = apnp. If every ap € D, then
the compactness of D implies the existence of & € D such that apnp = hnp
for all P, and we are done. Now suppose that apmp, ¢ Dnp, for some Py.
Then apnp ¢ Dnp forall P C Py, forif a, € A # A for some P C Py,
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then apnp = apnp, € AAynP0 ﬂ/fxnpo C Drnp, , contrary to assumption. But now
the compactness of A4, gives the result. O

Consider the set of all finite sequences o = (x;, €', ..., e, Xp41), Where
x;i€ VX, e,e EX\EY , and ¢; = £1. For such a sequence let

Bs(h)=Cn{h®: g=a1tll---tran,1, a; € /fx,. for all i}.

Theorem 5.8. Assume that X is locally finite and D is compact. Then h €
D' is conjugacy distinguished in G* if and only if there exist finite sequences
Oi...,0m suchthat 9 NC =", By (h).

Proof. By 5.5 the element /4 is conjugacy distinguished in G* if and only if
K = h%" N C is closed in A*. Since C is compact (by 5.7) and therefore
closed, this is equivalent to K being closed in C, i.e., to K being compact.
Now K = |J, Bs(h), the union being over the countably many sequences o .
An application of Baire’s Category Theorem (cf. the proof of 4.8) shows that
K is compact if and only if it is the union of finitely many B, (/). (One needs
to show that each B,(h) is closed. For this, use the compactness of the /Tx to
show that B,(h) is complete.) O
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